Abstract-This paper investigates the application of a recently introduced discrete-time sliding mode algorithm in robot motion control. The algorithm was developed to ensure chattering-free discrete-time sliding mode control in finite time. Robustness against disturbances and modeling errors are the additional merits of this algorithm. Here, the algorithm is adapted for the robot motion control problem, and it is used to design feedback controllers of a benchmark directdrive robot. Theory and experiments confirm the applicability of the algorithm. However, they also reveal restrictions in controller tuning, that may result in undesirable amplification of noise and in excitation of parasitic dynamics.
I. INTRODUCTION
HE theory of variable structure systems with sliding mode control (SMC) has been developing for the last five decades [1] [2] [3] [4] [5] [6] [7] [8] . Some robotic applications of the theory can be found in [1] [2] [3] [4] . Theoretically, when designed in continuous time, SMC features invariance to disturbances and to modeling errors, closed-loop system order reduction, and predictable transient behavior. In practice, especially with discrete-time implementations of SMC algorithms, control chattering occurs due to the finite duration of controller switching. Chattering is an undesirable high-frequency oscillation of the control input that may excite unmodelled dynamics present in electromechanical systems, resulting in decreased control performance.
To deal with problems caused by discrete-time implementation of SMC algorithms, several methodological and conceptual solutions have been proposed. Methodological solutions are directed at eliminating or reducing the effects of chattering [1] [2] [3] [4] . The most important conceptual contribution is the development of discrete-time sliding mode control (DSMC) algorithms [5] [6] [7] [8] that directly take into account the effects of discretization. The DSMC algorithm considered in [7, 8] utilizes both conceptual and methodological advances. It ensures that the sliding mode is reached in finite time without chattering. Additionally, the characteristics of SMC are preserved: the algorithm ensures closedloop stability in the presence of disturbances and modeling errors [8] , enabling nice control over transient behavior of the controlled system. In the absence of disturbances and modeling uncertainties, the order of the closed-loop system is reduced in the sliding mode. A distinguishing property is the simplicity of the DSMC feedback control law, which can be implemented on-line with minimal computational effort.
These merits, seemingly quite appealing, motivated us to investigate the use of the DSMC algorithm in robot motion control, since so far, the algorithm was experimentally tested only for an oscillator design [7] and in the control of a simple linear unloaded DC motor [8] . We present adaptations of the original algorithm [8] that make it applicable for robot motion control. It appears, though, that the obtained chattering-free control law can still cause undesirable amplification of noise and parasitic dynamics, since it features a restriction of the ratio between proportional and derivative feedback gains, inducing high-gain feedback at higher frequencies. The observed problems will be theoretically studied and experimentally demonstrated on a benchmark direct-drive robotic system.
A mathematical formulation of the DSMC algorithm is given in the next section. The robotic set-up used in the experiments is presented in section III. The DSMC design for this robot is demonstrated in section IV. Results of experimental testing are also shown, followed by the conclusions.
II. MATHEMATICAL FORMULATION

A. Robot Dynamics and Model-based Motion Controller
Let us represent the rigid-body dynamics of a serial robotic manipulator with n actuated joints using EulerLagrange's equations of motion [9] :
where ∈ n is the vector of joint forces/torques, M∈ n×n is the inertia matrix, q , q , q ∈ n are the joint motions, speeds, and accelerations, respectively, h∈ n represents Coriolis/centripetal, gravity, and friction effects, τ v ∈ n is the collection of all perturbations in the robot dynamics (e.g. variable friction) and disturbances (e.g., noise and cogging force), and t is time. Assume that models of sufficient quality of M and h are available, τ v is unknown, and only q is measurable.
The objective of the motion control problem is steering the joint motions along the reference trajectory ) (t r q . This problem can be solved using M and h as follows: 
where τ is the total control law and u is the feedback control action. The controller (2) realizes feedback linearization [4] of the robot dynamics, since the nonlinear couplings between the robot joints are compensated. The feedback action u stabilizes the robot motion and ensures the desired control performance. When applied, the model-based controller (2) reduces the motion control problem to:
where
The dynamics (3) that remain after feedback linearization are treated next.
B. Uncompensated Dynamics and Reconstruction of States
The following mathematical formulation assumes the presence of a time-delay in the position measurements, which is constant and an integer multiple of the sampling period. This assumption is necessary for the case-study presented later on in the paper. It is also assumed that the reference trajectory is known, so u can be postulated as ), then a Kalman observer technique [10, 11] 
where y i is the observed output and η i is the measurement noise. The standard assumption for i ν is that it is an integral of the white process noise ζ i [11] :
By virtue of (10) and (11), the discrete-time system (9) can be extended as follows:
Here, I p ∈ p×p is the identity matrix, and 0 mxn ∈ m×n contains zeros only. With the state-space representation (12), a Kalman observer can be designed to reconstruct the states i x in the presence of time-delay and noise i η , according to:
where i x denotes the updated estimate of all states, and
is a vector of constant gains determined by the forms of E i and γ i , and the properties of ζ i and η i [10, 11] .
C. Design of a Discrete-time Sliding Mode Controller
The DSMC design [8] of the feedback control law * i u is based on the following representation of (9):
is controllable for any s T . The feedback control law should be formulated in terms of
, where ) (k e i and ) (k e i are from (13) .
The switching function is based on
. The reaching law approach [2, 3, [6] [7] [8] is used for the controller design:
where φ should be chosen such that the system state trajectories reach in finite time 1) the switching manifold 0 = is reached, the states should remain on the manifold, establishing chattering-free control (contrary to the discrete-time quasisliding mode [6] , no zigzagging about 0 = in the presence of disturbances and modeling errors; within the vicinity, chattering-free control should arise. In the following, two spaces will be considered: 1) the state space, with e i x (i=1,..,n) as coordinates, 2) the reaching space [6] , with s i (i=1,..,n) as coordinates.
The feedback control law is found as in
is omitted since it is considered unknown, and (15) is taken into account, one determines:
An appropriate φ should ensure that (17) is stabilizing for the system (14) in the presence of i ν . Next, sufficient conditions are formulated that an appropriate φ must fulfill.
Consider the system (14) with control (17) . We use the following three assumptions. (i) The collection of model uncertainties and disturbances is assumed bounded according to
(ii) The vicinity of the switching manifold 0 = there exists a number )) 0 ( (
it is sufficient that the following conditions hold: (iv) [8] . One choice of φ , suggested in [8] , is
where (17) is a continuous function of the states (see (18) and (15)), providing the chattering-free DSMC.
D. Discrete-time Sliding Mode Controller Tuning
In this part we discuss tuning of the coefficients present in the feedback control law (17) , with φ defined by (18). Since by virtue of (14b) and (15) , 
By virtue of (18), if
, then (17) defines a conventional PD (proportional, derivative) control action:
The proportional and derivative gains (see (15) ). If we apply (21) to (9) , and take (20) into account, we obtain: . As already mentioned, the PD gains in (21b) are uniquely defined by i β . This seems a main shortcoming of the considered DSMC algorithm when used in robot motion control. In Fig. 1 , we plot , a common choice for the derivative gain for continuous-time second order systems (relative damping equal to one) [12] . Of course, the equivalence with continuous systems is sensible only for small sampling times, realistic in modern robotics. The middle plot was obtained by zooming the top of the figure for 5 , implying high relative damping. High damping, induced by the dead-beat property implied by (iv), may amplify noise considerably and excite parasitic dynamics (e.g. flexibility) at higher frequencies. These unwanted effects are inherent to control chattering arising with nonideal sliding mode control [1] [2] [3] . The considered DSMC algorithm was designed to establish chattering-free control, but, unfortunately, it fails in eliminating the unwanted effects. It appears that these effects can easily arise in practical implementations of the DSMC algorithm, and their negative influence on the control performance will be experimentally demonstrated in section IV.
III. EXPERIMENTAL SET-UP
The robotic manipulator shown in Fig. 2 , is an experimental facility for research in motion control [13] [14] [15] [16] . Closed-form models of the robot kinematics and rigidbody dynamics are available in [14] . Their kinematic parameters, according to the well-known DenavitsHartenberg's notation [12] , are presented in Table 1 . The inertial and friction parameters are estimated with sufficient accuracy in [13] . During motion control, the nonlinearity and couplings in the robot dynamics are reduced using (2) q was the known reference motion, and 1 e was reconstructed according to (13) . Practical procedures to identify an FRF as shown in Fig. 3 are explained in [15, 16] . Note that the given FRF represents the dynamics of joint 1, as it was obtained by averaging the dynamics identified for different robot postures [16] . Together with the identified FRF, Fig. 3 shows an FRF of a double integrator, which, by virtue of (3), represents the rigid-body dynamics in the joint. By inspection of the plots depicted in Fig. 3 , it can be noticed that the rigid-body dynamics dominate up to approximately 20 Hz. Due to insuf- between u 1 and the observed output y 1 from (10) [15] . The output is corrupted with quantization noise η 1 from the incremental encoder. Flexible effects and time delay appear also in the other two joints, which were also identified. 
IV. FEEDBACK CONTROL DESIGN FOR THE RRR ROBOT
Here, the DSMC feedback is illustrated for the first robot joint in more detail. Similar designs were performed for the other two joints. The experiments were done with all joints actuated at the same time. The considered motion task is presented in Fig. 4 : each robot joint had to be displaced for 2π [rad] in 3 [s], with zero initial/terminal speed and acceleration. Initially, the reference motions were realized using (2) and (5), with PD feedback controllers:
The state reconstruction is of sufficient quality, since the differences between the measured outputs i y , see (12) , and the corresponding Fig. 1 it is obvious that different i β correspond to different tuning of the equivalent PD controller (21). For β 1 ≤12, the relative damping is unreasonably high, and may excite flexible dynamics and amplify quantization noise. An appropriate set of PD gains, away from the "stability" boundary β 1 =12, can be found using loop-shaping, as explained in [15] [16] [17] ). Experiments showed no need for higher ρ i .
Figs. 5 and 6 present the experimental results. [rad], while in joint 3 the error peaks are almost three times higher. Closer inspection of the error plots reveals the presence of oscillatory components superimposed to the error patterns. The existence of these fine oscillations is confirmed by the errors' cumulative power spectra (CPS), shown on the right in Fig. 5 . By inspection of the CPS plots, it can be seen that the dominant energy of the position error is in the lower frequency range, which is the range of the reference trajectory shown in Fig. 4 . Outside this range, jumps in the slopes of the error CPSs are present around 20 Hz. These jumps are due to oscillations observed in the error signals. The oscillations correspond to severe peaking around 20 Hz in the sensitivity function [15] [16] [17] , that can be computed using the identified FRF shown in Fig. 3 and the equivalent PD controller (21) with λ p = 5. It appears that the oscillation arises in all three joints, because of elastic couplings not compensated using the rigid-body dynamic model implemented in (2) .
The left-hand side of Fig. 6 shows the control torques computed using (2) , with the feedback control action realized by (5) and (17) . The chattering effect from the SMC theory is clearly eliminated, but the presence of oscillations, related with the oscillation discussed in the previous paragraph, is obvious. The right-hand side of Fig. 6 presents s ).
It appears that the DSMC of the RRR robot does not give the performance achievable with H ∞ feedback control [15, 16] . This could be expected, since H ∞ controllers are based on models with flexibilities included, while the DSMCs consider only the rigid-body dynamics that remains after feedback linearization. Furthermore, H ∞ controllers, as designed in [15, 16] , also include integral action, while the DSMCs considered in this paper do not. Additionally, as we could see in subsection II.D, there is a restriction in tuning the DSMC that impedes satisfactory loop-shaping within the vicinity of the switching manifold. This restriction can easily cause excitation of flexibilities in robotic systems. We intend to investigate the DSMC design for the dynamics that include flexibilities. Such design will certainly increase the order of the resulting controller and of the accompanied Kalman observer. The expected merit, though, would be robust feedback control with nice and predictable transient characteristics.
V. CONCLUSIONS AND OUTLOOK
In this paper, a fair treatment of a recent discrete-time sliding mode control (DSMC) algorithm is given, and its utility for robot motion control is analyzed. With a theoretical analysis, as well as by experimental results, it is shown that the theoretical merits of the algorithm, namely, finite time reaching of ideal chattering-free DSMC and stability robustness against disturbances and modeling uncertainty, are achieved at the price of unreasonably high feedback gains that may cause undesirable effects: noise amplification and excitation of parasitic dynamics. It appears that even with very careful tuning, the considered DSMC algorithm can cause undesirable effects in a robotic system, degrading the performance of motion control. Using a model that includes flexible dynamics, is the possible improvement to be investigated in the future.
